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ON THE SEMIPRIMITIVITY AND THE SEMIPRIMALITY PROBLEMS FOR
PARTIAL SMASH PRODUCTS
RAFAEL CAVALHEIRO AND ALVERI SANT’ANA
Abstract. In this paper we discuss about the semiprimitivity and the semiprimality of partial
smash products. Let H be a semisimple Hopf algebra over a field k and let A be a left partial
H-module algebra. We study the H-prime and the H-Jacobson radicals of A and its relations
with the prime and the Jacobson radicals of A#H, respectively. In particular, we prove that if
A is H-semiprimitive, then A#H is semiprimitive provided that all irreducible representations
of A are finite-dimensional, or A is an affine PI-algebra over k and k is a perfect field, or A is
locally finite. Moreover, we prove that A#H is semiprime provided that A is an H-semiprime
PI-algebra, generalizing for the setting of partial actions, the main results of [20] and [19].
1. Introduction
Let H be a finite-dimensional Hopf algebra over a field k and let A be a left H-module algebra.
An important question in the theory of Hopf algebra actions is to know when the smash product
A#H is semiprime. It is well known that if A is semiprime, then A#H is semiprime in the
following cases: if H “ kG and |G|´1 P k [13]; or if H “ pkGq› [7]. In both cases H is semisimple
Artinian. This suggests the following question (raised by Cohen and Fishman in [6]):
Question 1. Let H be a semisimple Hopf algebra and let A be a semiprime H-module algebra. Is
the smash product A#H also semiprime?
Many special cases of the Question 1 have been answered by adding hypotheses on H or on A
(e.g. [24], [21], [20] and [19]). In [20] the authors tackled this question by studying the stability
of the Jacobson radical. From this approach, naturally new related questions arisen about the
semiprimitivity and the semiprimality of the smash product:
Question 2. Let H be a semisimple Hopf algebra over a field k and A an H-semiprimitive (resp.
H-semiprime) H-module algebra. Is the smash product A#H semiprimitive (resp. semiprime)?
In [20] the authors showed that if k has characteristic 0, then the Question 2 has an affirmative
answer for the semiprimitivity case provided that A is a PI-algebra which is either affine or algebraic
over k, or all irreducible representations of A are finite-dimensional, or A is locally finite; if k has
positive characteristic then additional hypotheses were assumed. In [19] the authors showed that
the answer for the case of semiprimality in Question 2 is ‘yes’ provided that A is a PI-algebra.
Partial group actions were first defined by R. Exel in the context of operator algebras in the
study of C›-algebras generated by partial isometries on a Hilbert space [11]. In [9] partial group
actions were defined axiomatically and in [5] the authors extended these concepts for the context of
partial Hopf actions. Since then many papers were published in this subject and the partial actions
became an independent area of research in ring theory. Significant advances were made in this
area as, for example, Galois theory ([10], [5]), Morita theory ([2], [1]) and partial representations
([9], [3]).
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2 R. CAVALHEIRO AND A. SANT’ANA
In this work we generalize the main results of [20] and [19] for the context of partial Hopf actions.
More precisely, we consider a semisimple Hopf algebraH over a field k and a left partial H-module
algebra A. We prove that if A is H-semiprimitive then A#H is semiprimitive provided that all
irreducible representations of A are finite-dimensional (Theorem 5.1); or A is an affine PI-algebra
over k and k is a perfect field (Theorem 5.3); or A is locally finite (Theorem 5.5). Differently
of [20] we not suppose additional hypotheses when k has positive characteristic (except in the
second case before). We also prove that A#H is semiprime when A is H-semiprime and satisfies
a polynomial identity (Theorem 5.8).
For our purposes we study the concepts of H-prime and H-Jacobson radicals of a partial
H-module algebra, which arise naturally from the concepts of H-stable ideal and partial pA,Hq-
modules as a generalization of the concepts of prime and Jacobson radicals of an any algebra.
This concepts of H-stable ideal and partial pA,Hq-modules are adaptations, for the case of partial
actions, of the correspondent concepts of H-stable ideal and pA,Hq-modules studied, for example,
in [12], [24] and [26] for global actions.
2. Partial (co)actions and partial smash products
Throughout this paper H will denote a Hopf algebra over a field k (and, unless mentioned
otherwise, all algebras will be over the same field k). Also we use the Sweedler’s notation to
denote the comultiplication of an element h P H , that is, ∆phq “ řh1 b h2. We start recalling
some well-known concepts which are fundamentals for this paper. For more details we refer [5].
Definition 2.1. A (left) partial action of a Hopf algebra H on an algebra A is a k-linear map
ξ : H bAÑ A, hb a ÞÑ h ¨ a, such that, for any a, b P A and h, g P H, we have
(PA1) 1H ¨ a “ a
(PA2) h ¨ papg ¨ bqq “ řph1 ¨ aqpph2gq ¨ bq.
In this case, A is called a (left) partial H-module algebra.
Of course, we can define right partial action of H on A, but in this paper we will consider
only left actions of H on A so that the expression partial H-module algebra will means left partial
H-module algebra. The same occur later for coactions, but on the right.
In this paper we will consider only unital algebras. In such a case, the condition (PA2) of the
Definition 2.1 can be replaced for the following two conditions: for any a, b P A and h, g P H ,
(PA3) h ¨ pabq “ řph1 ¨ aqph2 ¨ bq
(PA4) h ¨ pg ¨ bq “ řph1 ¨ 1Aqpph2gq ¨ bq.
It is easy to verify that if A is a partial H-module algebra, then
h ¨ 1A “ εphq1A , @h P H ðñ h ¨ pg ¨ aq “ phgq ¨ a , @ a P A, @h, g P H.
When this is the case, A is called an H-module algebra (see [8, Definition 6.1.1]) and ξ is called
global action. On the other hand, is immediate to see that any H-module algebra is a partial
H-module algebra.
Example 2.2. [3, Proposition 1] Let B be an H-module algebra (global action) and let A be a
right ideal of B with identity element 1A. Then A becomes a partial H-module algebra by
h ¨ a :“ 1Aph Ż aq, @ a P A, @h P H
where Ż indicates the action of H on B.
As a particular case of this example, the authors in [2, p. 5] have considered a finite group G
and the Hopf algebra H “ pkGq›. Then B “ kG is an H-module algebra by
pg Ż h “ δg,hh , @ g, h P G.
Now consider a normal subgroup N EG, N ‰ t1Gu, such that chark ffl |N |. Thus, the element
eN “ 1|N |
ÿ
nPN
n
SEMIPRIMITIVITY AND SEMIPRIMALITY OF PARTIAL SMASH PRODUCTS 3
is a central idempotent in G as it is easy to see. Hence, the ideal A “ eNB is a unital k-algebra
with 1A “ eN and the action induced of H on A as in Example 2.2 is such that, for every g P N ,
pg ¨ eN “ eNppg Ż eN q “ p1{|N |qeNg “ p1{|N |qeN ‰ δ1,geN “ εppgqeN .
In particular, the partial action of H on A is not a global action.
Example 2.3. [10, Example 6.1] Let B be an algebra and let
A “ B ˆB ˆB “ Be1 ‘Be2 ‘Be3,
where e1 “ p1B, 0, 0q, e2 “ p0, 1B, 0q and e3 “ p0, 0, 1Bq. If G “ t1G, g, g2, g3u is the cyclic group
of order 4, then H “ kG acts partially on A by
g ¨ e1 “ 0 , g ¨ e2 “ e1 , g ¨ e3 “ e2,
g2 ¨ e1 “ e3 , g2 ¨ e2 “ 0 , g2 ¨ e3 “ e1,
g3 ¨ e1 “ e2 , g3 ¨ e2 “ e3 , g3 ¨ e3 “ 0.
In the study of partial H-module algebras an important subalgebra is the so called invariant
subalgebra.
Definition 2.4. Let A be a partial H-module algebra. The subalgebra of the invariant elements
of A is defined as the set
AH “ ta P A : h ¨ a “ aph ¨ 1Aq, @h P Hu .
It is easy to see that AH is actually a subalgebra of A. When the action of H on A is global
then we denote the invariant subalgebra by AH . If it is the case, we have
AH “ ta P A : h ¨ a “ εphqa, @h P Hu .
Proposition 2.5. Let A be a partial H-module algebra. If a P AH is invertible in A, then
a´1 P AH . In particular, we have JpAq XAH Ď JpAHq.
Proof. For any h P H , we have
h ¨ a´1 “ a´1
ÿ
aph1 ¨ 1Aqph2 ¨ a´1q “ a´1
ÿ
ph1 ¨ aqph2 ¨ a´1q
“ a´1ph ¨ paa´1qq “ a´1ph ¨ 1Aq
and so a´1 P AH . As a consequence, I :“ JpAqXAH is an ideal of AH such that 1´I is contained
in the set of units of AH . Hence JpAq XAH Ď JpAHq. 
Dualizing the concept of (left) partial H-module algebra we obtain the definition of (right)
partial H-comodule algebra as follows.
Definition 2.6. A (right) partial coaction of a Hopf algebra H on an algebra R is a k-linear map
ρ : RÑ RbH, x ÞÑ řx0 b x1 such that, for any x, y P R,
(PC1) pidR b εqpρpxqq “ x
(PC2) ρpxyq “ ρpxqρpyq
(PC3) pρb idHqpρpxqq “ rρp1Rq b 1H srpidR b∆qpρpxqqs.
In this case, R is called (right) partial H-comodule algebra.
In the Sweedler’s notation, the above conditions can be written as follows
(PC1)
ř
x0εpx1q “ x
(PC2)
řpxyq0 b pxyq1 “ řx0y0 b x1y1
(PC3)
ř
x00 b x01 b x1 “
ř
10x0 b 11x11 b x12.
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for any x, y P R.
Analogous to the case of partial actions, if R is a partial H-comodule algebra and
ρp1Rq “ 1R b 1H ,
then R is an H-comodule algebra (see [8, Definition 6.2.1]). In this case ρ is called global coaction.
Also, it is immediate that any H-comodule algebra is a partial H-comodule algebra.
Definition 2.7. Let R be a partial H-comodule algebra. The subalgebra of the coinvariant elements
of R is defined as the set
RcoH “
!
x P R : ρpxq “ pxb 1Hqρp1Rq “
ÿ
x10 b 11
)
.
The fact that RcoH is a subalgebra of R is an immediate consequence of (PC2).When the
coaction is global we denote the coinvariant subalgebra by RcoH , that is
RcoH “ tx P R : ρpxq “ pxb 1Hqu .
In the same sense of Proposition 2.5, we can prove the following result.
Proposition 2.8. Let R be a partial H-comodule algebra. If x P RcoH is invertible in R, then
x´1 P RcoH . In particular, we have JpRq XRcoH Ď JpRcoHq.
Proof. In fact,
ρpx´1q “ p1R b 1Hqρp1Rx´1q “ px´1 b 1Hqpxb 1Hqρp1Rqρpx´1q
“ px´1 b 1Hqρpxqρpx´1q “ px´1 b 1Hqρpxx´1q “ px´1 b 1Hqρp1Rq.
The rest is similar to the proof of Proposition 2.5. 
We finish this section recalling the definition of the partial smash product. Let A be a partial
H-module algebra. On the vector space AbH we consider the following multiplication:
pab hqpb b gq “
ÿ
aph1 ¨ bq b h2g, @ a, b P A, @h, g P H.
With this multiplication (and the usual addition) A b H becomes an associative algebra. This
algebra is denoted by A#H and their (generators) elements by a#h instead of ab h. In general,
A#H has not identity element unless the action of H on A is global (see [8, Proposition 6.1.7]).
Therefore we consider the following subspace of A#H :
A#H :“ pA#Hqp1A#1Hq,
generated by elements of the form
a#h :“ pa#hqp1A#1Hq “
ÿ
aph1 ¨ 1Aq#h2.
Thus, A#H is an associative algebra with identity element 1A#1H “ 1A#1H .
Definition 2.9. Let A be a partial H-module algebra. The algebra A#H is called the partial
smash product of A by H.
Clearly, if A is an H-module algebra (global action) then A#H “ A#H . Moreover, if A is a
partial H-module algebra then there is a natural monomorphism of algebras given by
f : A Ñ A#H Ď A#H
a ÞÑ a#1H “ a#1H ,
and we will identify A with the subalgebra fpAq “ A#1H “ A#1H of A#H .
We further note that the partial smash product A#H has a structure of (right) H-comodule
algebra (global coaction) given by
ρ : A#H Ñ A#H bH
a#h ÞÑ a#h1 b h2,
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and that
`
A#H
˘coH “ A.
The next remark will be useful later.
Remark 2.10. Suppose that A is a partial H-module algebra. Then the above observation and
Proposition 2.8 give us the following interesting result
J
`
A#H
˘XA Ď JpAq.
It is well known that if H is finite-dimensional, then its dual H› is a Hopf algebra. In this
case, A#H has a structure of left H›-module algebra induced by its right H-comodule algebra
structure, where the (global) action is given by
ϕ Ż
`
a#h
˘
:“
ÿ
a#h1ϕph2q, a P A, h P H, ϕ P H›.
Moreover,
`
A#H
˘H› “ `A#H˘coH “ A (see [8, Proposition 6.2.4]).
3. On H-stable ideals and partial pA,Hq-modules
Hereafter, unless mentioned otherwise, A will denote a partial H-module algebra. In [12] and
[26] the authors investigated the concepts of H-stable ideal of A and pA,Hq-module in the study
of H-radicals when the action of H on A was global. These concepts can be adapted for the case
of partial actions as we will see later. In the next section, we will explore these concepts in the
study of the H-prime and H-Jacobson radicals of A in the setting of partial actions. In particular,
we will establish a link between the H-prime radical of A and the H›-prime radical of A#H and
also a link between the H-Jacobson radical of A and the H›-Jacobson radical of A#H , when H
is finite-dimensional.
We begin with the concept of H-stable ideal. The aim here is to establish a link between the set
of all H-stable ideals of A and the set of all ideals of A#H which are H-subcomodules (Theorem
3.6). When H is finite-dimensional this last set is just the set of all H›-stable ideals of A#H
(Corollary 3.7).
Definition 3.1. Let A be a partial H-module algebra. An ideal (resp. left, right ideal) I of A is
said to be H-stable if H ¨ I Ď I.
Remark 3.2. If the action of H on A is a global one, then the H-stable ideals of A are exactly
the ideals of A which are H-submodules.
Let I be an H-stable ideal of A. Then the partial action of H on A induces a partial action of
H on the quotient A{I given by
h ¨ pa` Iq :“ ph ¨ aq ` I , a P A, h P H.
Moreover, we have the following algebra isomorphism:`
A#H
˘{`I#H˘ – pA{Iq#H ,
where I#H :“  řxi#hi : xi P I, hi P H(. As a consequence we have the following result.
Proposition 3.3. Suppose that the partial H-module algebra A is a subdirect product of partial
H-module algebras Aα – A{Iα, where tIαu is a family of H-stable ideals of A such that
Ş
Iα “ 0.
Then R :“ A#H is a subdirect product of the algebras Rα :“ Aα#H.
Proof. As above, for every α, there is an algebra isomorphism R{ `Iα#H˘ – Rα, thus it is enough
to show that
Ş`
Iα#H
˘ “ 0. On the other hand, for every α we have that Iα#H Ď Iα#H . Thus,
we will have achieved our goal if we show that
ŞpIα#Hq “ 0.
Suppose that u P ŞpIα#Hq and write u “ řxi#hi, where txiu Ď A and thiu Ď H , with thiu
linearly independent. Then xi P Iα for every i and every α. Thus, xi P
Ş
Iα “ 0, for every i, and
so u “ 0. Hence ŞpIα#Hq “ 0, as desired. 
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The above proposition will be useful in the study of the semiprimitivity of the partial smash
product because a subdirect product of semiprimitive algebras is also a semiprimitive algebra (see
[14, Proposition 2.3.4]).
Given a subspace X Ď A, we will denote by
pX : Hq :“ tx P X : h ¨ x P X, @h P Hu .
Proposition 3.4. Let I be an ideal of A. Then pI : Hq is the largest H-stable ideal of A contained
in I. In particular, I is H-stable if and only if pI : Hq “ I.
Proof. For every x P pI : Hq, a P A and h P H , we have
h ¨ pxaq “
ÿ
ph1 ¨ xqph2 ¨ aq P IA Ď I,
so xa P pI : Hq. Analogously ApI : Hq Ď pI : Hq and therefore, pI : Hq is an ideal of A.
Moreover, if x P pI : Hq and g P H then
h ¨ pg ¨ xq “
ÿ
ph1 ¨ 1Aqpph2gq ¨ xq P AI Ď I, @h P H,
so g ¨ x P pI : Hq. Thus pI : Hq is H-stable.
Now we observe that pI : Hq contains every H-stable ideal of A which is contained in I and so
the proof is complete. 
Proposition 3.5. If I is an ideal of A#H, then I XA is an H-stable ideal of A.
Proof. Clearly I XA is an ideal of A. Moreover, for any x P I XA and h P H ,
h ¨ x#1H “
ÿ
h1 ¨ x#εph2q1H
“
ÿ
ph1 ¨ xqph2 ¨ 1Aq#h3Sph4q
“
ÿ
ph1 ¨ x#h2qp1A#Sph3qq
“
ÿ
p1A#h1qpx#1Hqp1A#Sph2qq P I,
so h ¨ x P I XA. Hence I X A is an H-stable ideal of A. 
The next result generalizes, for the setting of partial actions, a known result about global
actions (which is a consequence of [24, Lemma 1.3], because if the action of H on A is global, then
A Ď A#H is a faithfully flat H-Galois extension).
Theorem 3.6. Let H be a Hopf algebra and let A be a partial H-module algebra. Then there
exists an one-to-one correspondence between the sets
tH-stable ideals of Au Φ //tIdeals of A#H which are H-subcomodulesu
Ψ
oo
given by ΦpIq “ I#H, where I is an H-stable ideal of A, and ΨpIq “ I X A, where I is an ideal
of A#H which is H-subcomodule. Moreover, Ψ “ Φ´1 and these maps preserve inclusions, sums,
(finite) products and intersections.
Proof. We will denote by R :“ A#H . Let I be an H-stable ideal of A and I an ideal of R which
is H-subcomodule. For any a, b P A, x P I and h, g, k P H , we have
pa#hqpx#gqpb#kq “
ÿ
aph1 ¨ xqpph2g1q ¨ bq#h3g2k P pApH ¨ IqAq#H Ď I#H.
Thus R
`
I#H R˘ Ď I#H and so I#H is an ideal of R. Moreover, by Proposition 3.5 and using
that I#H is an H-subcomodule of R we can deduce that Φ and Ψ are well defined.
Now consider a basis thiu ofH containing 1H . If u P I#HXA Ď pI#HqXA, write u “
ř
xi#hi
with txiu Ď A. Since thiu is a basis of H , it follows that txiu Ď I. On the other hand, 1H P thiu
and u P A, so xi “ 0 if hi ‰ 1H and therefore u P I. This shows that I#H X A Ď I. The other
inclusion is clear and so it follows that ΨpΦpIqq “ I.
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To prove that ΦpΨpIqq “ I, fix řxi#hi P I. Then we haveÿ
xi#hi “
ÿ`
xiphi1 ¨ 1Aq#1H
˘ `
1A#hi2
˘
“
ÿ`
xi#hi11
˘ `
1A#Sphi12q
˘ `
1A#hi2
˘
.
Since I is an H-subcomodule of R,
ř
xi#hi11 b hi12 b hi2 P I b H b H , so
ř
xi#hi “ř`
xiphi1 ¨ 1Aq#1H
˘ `
1A#hi2
˘ P pIXAq `A#H˘ “ pI XAq#H. This shows that I Ď pI XAq#H
and the other inclusion is clear. Hence I “ pI XAq#H “ ΦpΨpIqq and so Φ and Ψ are bijections
with Ψ “ Φ´1.
Now we need to prove that Φ and Ψ preserve inclusions, sums, (finite) products and inter-
sections. For inclusions, this statement is clear from definitions of Φ and Ψ. With regard to
the others, firstly note that sums, finite products and intersections of H-stable ideals of A (resp.
H-subcomodules of A#H) are H-stable ideals of A (resp. H-subcomodules of A#H). Now
fix a family tIαuαPΛ of H-stable ideals of A and a family tIβuβPΓ of ideals of A#H which are
H-subcomodules. Clearly
Φ
´ÿ
Iα
¯
“ přIαq#H “ÿ Iα#H “ÿΦpIαq
and consequently,
Ψ
´ÿ
Iβ
¯
“ Ψ
´ÿ
ΦpΨpIβqq
¯
“ Ψ
´
Φ
´ÿ
ΨpIβq
¯¯
“
ÿ
ΨpIβq.
Therefore Φ and Ψ preserve sums.
Now observe that if I is a H-stable ideal of A, then I#H “ IR and so IR is an ideal of
R. In fact, the inclusion IR Ď I#H is clear. On the other hand, for any x P I and h P H ,
x#h “ px#1Hqp1A#hq P IR and also I#H Ď IR. Thus, for any α1, α2 P Λ,
ΦpIα1Iα2q “ pIα1Iα2 q#H “ pIα1Iα2qR “ Iα1pIα2Rq “ Iα1pRIα2Rq
“ pIα1RqpIα2Rq “ pIα1#HqpIα2#Hq “ ΦpIα1qΦpIα2 q
Consequently, for any β1, β2 P Γ,
ΨpIβ1Iβ2q “ Ψ
´
Φ
`
ΨpIβ1q
˘
Φ
`
ΨpIβ2q
˘¯ “ Ψ´Φ´ΨpIβ1qΨpIβ2q
¯¯
“ ΨpIβ1qΨpIβ2q.
Hence, for finite products of H-stable ideals of A or ideal of R which are H-subcomodules, the
result follows by induction.
Finally, we show that Φ and Ψ preserve intersections. Clearly
Ψ
´č
Iβ
¯
“
´č
Iβ
¯
XA “
č
pIβ XAq “
č
ΨpIβq,
and it follows that
Φ
´č
Iα
¯
“ Φ
´č
ΨpΦpIαqq
¯
“ Φ
´
Ψ
´č
ΦpIαq
¯¯
“
č
ΦpIαq.
The proof is complete now. 
If H is finite-dimensional, since the action of H› on A#H is global, then a subspace of A#H is
an H-subcomodule if and only if it is an H›-submodule (see [23, Lemma 1.6.4]). Thus, our next
result follows by Remark 3.2 .
Corollary 3.7. Let H be a finite-dimensional Hopf algebra and let A be a partial H-module
algebra. There exists an one-to-one correspondence between the sets
tH-stable ideals of Au Φ //tH›-stable ideals of A#Hu
Ψ
oo
given by ΦpIq “ I#H, where I is an H-stable ideal of A, and ΨpIq “ I X A, where I is an H›-
stable ideal of A#H. Moreover Ψ “ Φ´1 and these bijections preserve inclusions, sums, (finite)
products and intersections.
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Now we present the definition of partial pA,Hq-modules. This concept is, in a certain sense,
a generalization of the concept of A-module and it allows us to better understand the relation
between A and A#H .
Definition 3.8. Let A be a (left) partial H-module algebra. A right (resp. left) partial pA,Hq-
module is a right (resp. left) A-module M with a k-linear map M bH ÑM , mbh ÞÑ mđh (resp.
H bM ÑM , hbm ÞÑ h §m) such that, for any m PM , a P A and h, g P H, we have
(PM1) m đ 1H “ m presp. 1H §m “ mq
(PM2) ppm đ hqaq đ g “ řpmph1 ¨ aqq đ ph2gq presp. h § papg §mqq “ řph1 ¨ aqpph2gq §mqq.
Clearly, the conditions (PM1) and (PM2) are equivalent to (PM1) and the following two condi-
tions: for any m PM , a P A and h, g P H ,
(PM3) pm đ hqa “ řpmph1 ¨ aqq đ h2 presp. h § pamqq “ řph1 ¨ aqph2 §mqq
(PM4) pm đ hq đ g “ řpmph1 ¨ 1Aqq đ ph2gq presp. h § pg §mq “ řph1 ¨ 1Aqpph2gq §mqq.
Remark 3.9. It is worth noting here that the apparent lack of symmetry between the definitions
of right and left partial pA,Hq-module occurs because H acts on A by the left. For this reason,
in some times, the argumentations in the proofs of our results about left and right partial pA,Hq-
modules are quite different. For example, if V is an A-submodule of a right partial pA,Hq-module
M , then the partial pA,Hq-submodule of M generated by V is pV Aq đH “ V đH, but if M is a
left partial pA,Hq-module then the partial pA,Hq-submodule of M generated by V is ApH § V q.
The Proposition 3.11 will justify our interest in these objects and provides examples of right
partial pA,Hq-modules. If A is a (left) partial H-module algebra, then A itself is a left partial
pA,Hq-module. More generally, if I is a H-stable left ideal of A then I and A{I are left partial
pA,Hq-modules. In the next section we will see how it is possible to build a partial pA,Hq-module
from a given A-module.
As usual, we denote by annApMq (or simply annpMq) the annihilator of M . We recall that
M is called faithful if annpMq “ 0. The next result says about the annihilator of a partial
pA,Hq-module.
Proposition 3.10. If M is a partial pA,Hq-module then annpMq is an H-stable ideal of A.
Proof. It is clear that annpMq is an ideal of A. Moreover, for any m PM , x P annpMq and h P H ,
we have
mph ¨ xq “
ÿ
pmph1 ¨ xqq đ pεph2q1Hq
“
ÿ
pmph1 ¨ xqq đ ph2Sph3qq
“
ÿ
ppm đ h1qxq đ Sph2q P pMxq đH “ 0
if M is a right partial pA,Hq-module and also
ph ¨ xqm “
ÿ
ph1 ¨ xqppεph2q1Hq §mq
“
ÿ
ph1 ¨ xqpph2Sph3qq §mq
“
ÿ
h1 § pxpSph2q §mqq P H § pxMq “ 0
if M is a left partial pA,Hq-module. Thus, in any case, h ¨ x P annpMq. Hence annpMq is
H-stable. 
It is clear that if M is a right (resp. left) partial pA,Hq-module and I is an H-stable ideal of
A such that I Ď annpMq, then M has a natural structure of right (resp. left) partial pA{I,Hq-
module.
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Proposition 3.11. If M is a right (resp. left) partial pA,Hq-module then M is a right (resp.
left) A#H-module, with action given by
mpa#hq :“ pmaq đ h presp. pa#hqm :“ aph §mqq, m PM, a P A, h P H.
Conversely, if M is a right (resp. left) A#H-module then M is a right (resp. left) partial pA,Hq-
module, with actions given by
ma :“ mpa#1Hq presp. am :“ pa#1Hqmq, m PM, a P A
m đ h :“ mp1A#hq presp. h §m :“ p1A#hqmq, m PM, h P H.
Moreover, in both cases we have that annApMq “ annA#HpMq X A.
Proof. Suppose that M is a right partial pA,Hq-module. The map
ζ :M bA#H Ñ M
mba#h ÞÑ pmaq đ h
is well defined and k-linear. In fact, if ς and ξ are the actions of A and H on M , respectively,
then the k-linear map
κ :M bA#H –M bAbH ς b idHÝÝÝÝÑM bH ξÝÑM
is such that, for any m PM , a P A and h P H ,
κ
`
mba#h
˘ “ κ`mbřaph1 ¨ 1Aq#h2˘ “ ÿpmaph1 ¨ 1Aqq đ h2 “ ppmaq đ hq1A “ pmaq đ h.
Thus ζ is the restriction of κ to the subspace M bA#H, and therefore ζ is a well defined k-linear
map. Now, for any m P M , a, b P A and h, g P H , it is clear that m`1A#1H˘ “ m and also we
have
`
m
`
a#h
˘˘ `
b#g
˘ “ pppmaq đ hqbq đ g
“
ÿ
pmaph1 ¨ bqq đ ph2gq
“ m
´ÿ
aph1 ¨ bq#h2g
¯
“ m ``a#h˘ `b#g˘˘ ,
so ζ defines a right A#H-module structure on M .
Conversely, suppose that M is a right A#H-module. Again we need verify that the maps
M bA Ñ M
mba ÞÑ mpa#1Hq
and
M bH Ñ M
mbh ÞÑ mp1A#hq
are well defined and k-linear. The first one follows by the algebra inclusion A Ď A#H . The
second one is exactly the composition of the k-linear maps
M bH ÝÑ M bAbH idM bpiÝÝÝÝÝÑM bA#H ζÝÑM
mbh ÞÑ mb 1A bh
where pi : AbH Ñ A#H , abh ÞÑ pa#hqp1A#1Hq “ a#h, is the canonical projection and ζ is
the action of A#H on M . The conditions (PM1) and (PM2) of the Definition 3.8 follow from the
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A#H-module structure of M : for any m P M , a P A and h, g P H , it is clear that m đ 1H “ m
and also `pm đ hqa˘ đ g “ ´ `m `1A#h˘˘ `a#1H˘
¯ `
1A#g
˘
“ m ``1A#h˘ `a#1H˘ `1A#g˘˘
“ m
´ÿ
h1 ¨ a#h2g
¯
“
ÿ`
mph1 ¨ aq
˘
đ ph2gq
Hence M is a right partial pA,Hq-module in this case.
To prove that M is a left pA,Hq-module if and only if M is a left A#H-module we proceed in
the same way. Finally, we observe that the equality annApMq “ annA#HpMq XA is clear. 
Note that the Proposition 3.10 is also a consequence of the Proposition 3.5 and of the equality
annApMq “ annA#HpMq X A.
4. The H-prime and the H-Jacobson radicals
In this section we study the concepts ofH-prime andH-Jacobson radicals of a partialH-module
algebra A. These structures are analogous to the prime and Jacobson radicals of any algebra, and
they are useful to study the semiprimality and the semiprimitivity problems for the partial smash
product.
4.1. H-(semi)prime ideals and the H-prime radical. We start by considering the (partial)
H-prime radical. In [24] the authors studied the H-prime and the H-semiprime ideals of an
H-module algebra A in the context of the global actions. Such concepts can also be considered
when the action of H on A is a partial action. In the sequel we introduce this new concepts
with the purpose to define the H-prime radical of A, when A is a partial H-module. After that,
we establish a link between the H-prime radical of A and the H›-prime radical of A#H , when
H is finite-dimensional. Our approach for H-prime and H-semiprime ideals, in a natural way,
closely follows the classical one which can be found, for example, in [17, Section 10] about prime
and semiprime ideals. We will present here the sketches of our proofs for the convenience of the
reader.
Definition 4.1. An H-stable ideal p of A is called H-prime if p ‰ A and, for any H-stable ideals
I, J Ď A,
IJ Ď p ñ I Ď p or J Ď p.
An example of H-prime ideal is given by a maximal H-stable ideal of A, whose existence is a
consequence of Zorn’s Lemma. The next result gives other useful characterizations of H-prime
ideals.
Proposition 4.2. For any H-stable ideal p Ł A, the following statements are equivalent:
(1) p is H-prime;
(2) For any a, b P A, ApH ¨ aqApH ¨ bqA Ď p implies that a P p or b P p;
(3) For any a, b P A, ApH ¨ aqApH ¨ bq Ď p implies that a P p or b P p;
(4) For any a, b P A, pH ¨ aqApH ¨ bq Ď p implies that a P p or b P p;
(5) For any H-stable left ideals I, J Ď A, IJ Ď p implies that I Ď p or J Ď p;
(5’) For any H-stable right ideals I, J Ď A, IJ Ď p implies that I Ď p or J Ď p.
Proof. (1)ñ (2) follows because ApH ¨aqA and ApH ¨bqA are H-stable ideals and the implications
(2)ñ (3)ñ (4) are easy. For (4)ñ (5) we assume that I and J are H-stable left ideals of A such
that IJ Ď p, but I Ę p. Fix an element a P Izp. For any b P J ,
pH ¨ aqApH ¨ bq Ď IpAJq Ď IJ Ď p,
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so by (4), b P p. It follows that J Ď p. The implication (4)ñ (5’) is analogous and the implications
(5)ñ (1) and (5’)ñ (1) are trivial. 
Following the terminology used in [17], we present our next definition.
Definition 4.3. We say that a nonempty subset M Ď A is an Hm-system if for any x, y P M ,
we have
ApH ¨ xqApH ¨ yq XM ‰ H.
From the above definition we can give some more precise characterizations of H-prime ideal.
The first one is an immediate consequence of Proposition 4.2 (3).
Proposition 4.4. An H-stable ideal p of A is H-prime if and only if Azp is an Hm-system.
Proposition 4.5. Let M Ď A be an Hm-system. If p is an H-stable ideal of A maximal with
respect to the property that pXM “ H, then p is H-prime.
Proof. Let I, J be H-stable ideals of A such that I, J Ę p. Then p Ł p ` I and p Ł p ` J , and it
follows that there exist x, y P A such that
x P M X pp` Iq and y P M X pp` Jq.
Since M is an Hm-system, ApH ¨ xqApH ¨ yq XM ‰ H. On the other hand, we also have
ApH ¨ xqApH ¨ yq Ď A`H ¨ pp ` Iq˘A`H ¨ pp` Jq˘ Ď pp` Iqpp ` Jq Ď p` IJ,
which implies that pp ` IJq X M ‰ H. From p X M “ H, it follows that IJ Ę p. Hence p is
H-prime. 
Definition 4.6. Let I be an H-stable ideal of A. We define the H-radical of I as the set
H
?
I :“ tx P A : every Hm-system containing x meets Iu .
In the particular case when I “ 0, we will call PHpAq :“ H
?
0 the H-prime radical of A.
Clearly I Ď H?I for any H-stable ideal I of A. We say that an ideal I of A is an H-radical
ideal if I “ H?I.
It is not clear from the Definition 4.6 that H
?
I is an H-stable ideal of A. This will be shown in
the next result.
Proposition 4.7. For any H-stable ideal I of A, H
?
I is the intersection of all H-prime ideals of
A containing I. In particular, H
?
I is an H-stable ideal of A.
Proof. Let p be an H-prime ideal of A containing I and let x P H?I. Since Azp is an Hm-system
(Proposition 4.4) which does not meet I it follows that x P p. Thus, H?I is contained in the
intersection of all H-prime ideals of A containing I.
Conversely, if x R H?I then there exists an Hm-system M Ď A such that x P M and M XI “ H.
By Zorn’s Lemma, there exists anH-stable ideal p of A containing I which is maximal with respect
to being pXM “ H. By Proposition 4.5, p is an H-prime ideal (which contains I and x R p). The
proof is complete now. 
Definition 4.8. An H-stable ideal s of A is called H-semiprime if s ‰ A and, for any H-stable
ideal I Ď A,
I2 Ď s ñ I Ď s.
Clearly every H-prime ideal is H-semiprime. Moreover, every intersection of H-semiprime
ideals is also H-semiprime.
The proof of the next proposition is similar to that for Proposition 4.2.
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Proposition 4.9. For any H-stable ideal s Ł A, the following statements are equivalent:
(1) s is H-semiprime;
(2) For any a P A, ApH ¨ aqApH ¨ aqA Ď s implies that a P s;
(3) For any a P A, ApH ¨ aqApH ¨ aq Ď s implies that a P s;
(4) For any a P A, pH ¨ aqApH ¨ aq Ď s implies that a P s;
(5) For any H-stable left ideal I Ď A, I2 Ď s implies that I Ď s;
(5’) For any H-stable right ideal I Ď A, I2 Ď s implies that I Ď s.
Definition 4.10. We say that a nonempty subset N Ď A is an Hn-system, if for any x P N , we
have
ApH ¨ xqApH ¨ xq X N ‰ H.
As an immediate consequence of the Proposition 4.9 (3) we also can characterize H-semiprime
ideals by Hn-system.
Proposition 4.11. An H-stable ideal s of A is H-semiprime if and only if Azs is an Hn-system.
The next result can be proved in a similar way as Proposition 4.5.
Proposition 4.12. Let N Ď A be an Hn-system. If s is an H-stable ideal of A maximal with
respect to the property that sX N “ H, then s is H-semiprime.
The next result establishes a link between Hm-systems and Hn-systems which allow us a better
understanding of the relations between H-prime and H-semiprime ideals.
Proposition 4.13. Let N Ď A be an Hn-system. For every a P N , there exists an Hm-system
M Ď N such that a P M . Equivalently, N is equal to the union of the Hm-systems contained in
N .
Proof. Fix a P N and define M “ ta1, a2, ...u inductively as follows:
a1 “ a, a2 P ApH ¨ a1qApH ¨ a1q X N , a3 P ApH ¨ a2qApH ¨ a2q X N , . . .
To see that M is an Hm-system we first observe that, for any t ě 1,
H ¨ at`1 Ď H ¨
`
ApH ¨ atqApH ¨ atq
˘ Ď ApH ¨ atq,
which implies H ¨ at1 Ď ApH ¨ atq whenever t ď t1. Therefore, for any i, j ě 1, we have"
aj`1 P ApH ¨ ajqApH ¨ ajq Ď ApH ¨ aiqApH ¨ ajq if i ď j,
ai`1 P ApH ¨ aiqApH ¨ aiq Ď ApH ¨ aiqApH ¨ ajq if i ě j,
in particular,
ApH ¨ aiqApH ¨ ajq XM ‰ H.
Hence M is an Hm-system such that a P M Ď N . 
Proposition 4.14. For any H-stable ideal s Ł A, the following statements are equivalent:
(1) s is H-semiprime;
(2) s is an intersection of H-prime ideals;
(3) s “ H?s.
Proof. (3)ñ (2) follows by Proposition 4.7 and (2)ñ (1) is clear. For (1)ñ (3), it is enough to
prove that H
?
s Ď s. Thus, consider a R s. Then Azs is an Hn-system containing a. By Proposition
4.13, there exists an Hm-system M Ď Azs such that a P M and so a R H?s. 
In particular, the H-semiprime ideals of a partial H-module algebra are precisely the H-radical
ideals. The following result is immediate from Propositions 4.7 and 4.14.
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Corollary 4.15. For any H-stable ideal I of A, H
?
I is the smallest H-semiprime ideal of A
containing I. In particular,
H
a
H
?
I “ H?I.
Definition 4.16. A partial H-module algebra is called H-prime (resp. H-semiprime) if 0 is an
H-prime (resp. H-semiprime) ideal.
It is clear that an H-stable ideal p of A is H-prime if and only if A{p is an H-prime partial
H-module algebra.
Proposition 4.17. For a partial H-module algebra A, the following statements are equivalent:
(1) A is H-semiprime;
(2) PHpAq “ 0;
(3) A has no nonzero nilpotent H-stable ideal;
(4) A has no nonzero nilpotent H-stable left ideal;
(4’) A has no nonzero nilpotent H-stable right ideal;
Proof. (1)ô (2) follows from Corollary 4.15. For (1)ñ (4), let I be a nilpotent H-stable left ideal
and let n ě 1 be the smallest positive integer such that In “ 0. If n ě 2, then pIn´1q2 Ď In “ 0
which implies that In´1 “ 0, a contradiction. Thus n “ 1 and I “ 0. The implication (1)ñ (4’)
is similar and the implications (3)ñ (1), (4)ñ (3) and (4’)ñ (3) are easy to see. 
The next proposition and its corollary establish a relation between the prime (resp. semiprime)
ideals and the H-prime (resp. H-semiprime) ideals of a partial H-module algebra. Like in [17], we
use the notation
?
I to indicate the (classical) radical of the ideal I of A, which is the intersection
of all the prime ideals of A containing I. In the case which I “ 0, we denote by P pAq :“ ?0 the
prime radical of A.
Proposition 4.18. If P is a prime (resp. semiprime) ideal of A, then pP : Hq is H-prime (resp.
H-semiprime). If H is finite-dimensional, then the converse is true, that is, every H-prime (resp.
H-semiprime) ideal of A is of the form pP : Hq for some prime (resp. semiprime) ideal P of A.
Proof. Let P be a prime ideal of A. If I and J areH-stable ideals of A such that IJ Ď pP : Hq Ď P ,
then we have I Ď P or J Ď P . The H-stability of I and J implies that I Ď pP : Hq or J Ď pP : Hq.
Hence pP : Hq is H-prime. The “semiprime” case is analogous.
Now suppose that H is finite-dimensional and let p be an H-prime ideal of A. Consider the
following two family of ideals of A:
G “ tJ EA : J is H-stable and J Ę pu
F “ tK EA : p Ď K and J Ę K, @ J P Gu .
We will use the Zorn’s Lemma to prove that F has a maximal element. Note that F ‰ H since
p P F . Now, let tKλu Ď F be a chain. Then K “
Ť
Kλ is an ideal of A and p Ď K. We claim that
J Ę K for every J P G. In fact, if J P G, then there exists a P J such that a R p, so ApH ¨ aqA Ę p
and ApH ¨ aqA P G. This implies that ApH ¨aqA Ę Kλ for every λ. Because ApH ¨ aqA is a finitely
generated ideal (since H is finite-dimensional) and tKλu is a chain, we have that ApH ¨ aqA Ę K.
In particular J Ę K (note that ApH ¨ aqA Ď J since a P J and J is an H-stable ideal). It follows
that K P F is an upper bound for tKλu. By Zorn’s Lemma, there exists a maximal element P P F .
We claim that P is a prime ideal. In fact, suppose that I and J are ideals of A not contained in
P . By maximality of P , there exist H-stable ideals K,L P G such that K Ď P` I and L Ď P `J ,
and so KL Ď P ` IJ . Since KL P G (because p is H-prime), it follows that KL Ę P , and so
IJ Ę P . Hence P is a prime ideal.
Since P P F and p is H-stable, we have p Ď pP : Hq. On the other hand, if J is an H-stable
ideal such that p Ĺ J then J P G and so J Ę P . Hence p “ pP : Hq and every H-prime ideal of A
is of the form pP : Hq for some prime ideal P of A, when H is finite-dimensional.
Finally, assume that s is an H-semiprime ideal of A (and H is finite-dimensional). By Proposi-
tion 4.14, s “ Ş pα, where pα runs over all the H-prime ideals of A containing s. From the above
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part, for every α, pα “ pPα : Hq for some prime ideal Pα of A. Thus s “
Ş
pα “
ŞpPα : Hq “`Ş
Pα : H
˘
with
Ş
Pα a semiprime ideal of A. This completes the proof. 
Corollary 4.19. Suppose that H is finite-dimensional. For any H-stable ideal I of A we have
H
?
I “ p?I : Hq. In particular, PHpAq “ pP pAq : Hq and A is H-semiprime if and only if P pAq
does not contain nonzero H-stable ideals.
Proof. By Proposition 4.18, p?I : Hq is an H-semiprime ideal. Moreover, I is an H-stable ideal
contained in
?
I, so I Ď p?I : Hq. By Corollary 4.15, H?I Ď p?I : Hq. On the other hand, again
by Proposition 4.18, H
?
I “ pQ : Hq for some semiprime ideal Q of A. In particular I Ď Q, so?
I Ď Q and therefore p?I : Hq Ď pQ : Hq “ H?I. 
Now we establish a link between the H-prime (resp. H-semiprime) ideals of A and the H›-
prime (resp. H›-semiprime) ideals of A#H , when H is finite-dimensional. This allow us give a
more precise description of the maps Φ and Ψ defined in Corollary 3.7. In particular, we establish
a relation between the H-prime radical of A and the H›-prime radical of A#H .
Theorem 4.20. Let H be a finite-dimensional Hopf algebra and let A be a partial H-module
algebra. Then the restrictions of the maps Φ and Ψ defined in Corollary 3.7 are bijections between
the set of the H-prime (resp. H-semiprime) ideals of A and the set of the H›-prime (resp. H›-
semiprime) ideals of A#H. In particular,
PHpAq “ PH›
`
A#H
˘XA and PH›` A#H˘ “ PHpAq#H ,
so A is an H-semiprime partial H-module algebra if and only if A#H is an H›-semiprime H›-
module algebra.
Proof. We will denote by R “ A#H . From Corollary 3.7, it is sufficient to prove that, for any
H-prime (resp. H-semiprime) ideal p of A, its image Φppq is an H›-prime (resp. H›-semiprime)
ideal of R and analogous for Ψ.
In fact, let p be anH-prime ideal of A and let I,J beH›-stable ideals ofR such that IJ Ď Φppq.
Because Φ and Ψ preserve inclusions and products, ΨpIq and ΨpJ q are H-stable ideals of A such
that ΨpIqΨpJ q “ ΨpIJ q Ď ΨpΦppqq “ p. Since p is H-prime, ΨpIq Ď p or ΨpJ q Ď p, which
implies that I “ ΦpΨpIqq Ď Φppq or J “ ΦpΨpJ qq Ď Φppq. Hence Φppq is H›-prime. The proof
that the H-semiprimality of an H-stable ideal p of A implies the H›-semiprimality of Φppq is
analogous and the argumentation for Ψ is similar.
Now the equalities
PHpAq “ PH›pRq XA and PH›pRq “ PHpAq#H
follow from PHpAq being the intersection of the all H-prime ideals of A, PH› pRq being the inter-
section of the all H›-prime ideals of R and also because Φ,Ψ preserve intersections. 
4.2. H-primitive ideals and the H-Jacobson radical. Now we introduce the concept of H-
primitive ideal in the context of partial actions. The definition of H-Jacobson radical of a partial
H-module algebra becomes natural from this concept (see Definition 4.26 below). The aim here is
to establish relations (if any) between the H-Jacobson radical of A and the H›-Jacobson radical
of A#H , when H is finite-dimensional. We start with the following definition.
Definition 4.21. Let M be a partial pA,Hq-module.
(i) M is called irreducible if M ‰ 0 and M has no other partial pA,Hq-submodules than 0 or
M .
(ii) M is called semisimple (or completely reducible) if M is a direct sum of irreducible partial
pA,Hq-submodules.
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The next result is immediate from Proposition 3.11.
Proposition 4.22. M is an irreducible (resp. semisimple) partial pA,Hq-module if and only if
M is an irreducible (resp. semisimple) A#H-module.
The concept of irreducible partial pA,Hq-module naturally lead us to the concept ofH-primitive
partial H-module algebra and H-primitive ideal.
Definition 4.23. Let A be a partial H-module algebra.
(i) A is called right (resp. left) H-primitive if there exists a faithful irreducible right (resp.
left) partial pA,Hq-module.
(ii) An H-stable ideal I of A is called right (resp. left) H-primitive ideal if A{I is a right
(resp. left) H-primitive partial H-module algebra.
Evidently an H-stable ideal I of A is right (resp. left) H-primitive if and only if I is the
annihilator of an irreducible right (resp. left) partial pA,Hq-module. From Propositions 3.11 and
4.22 we have the following.
Proposition 4.24. An H-stable ideal I of A is right (resp. left) H-primitive if and only if
I “ P XA for some right (resp. left) primitive ideal P of A#H .
Proposition 4.25. Let tIαu be the family of the right H-primitive ideals of A and let tKβu be
the family of the left H-primitive ideals of A. Thenč
Iα “ J
`
A#H
˘XA “čKβ .
Proof. By Proposition 4.24, for each α, Iα “ Pα X A for some right primitive ideal Pα of A#H
and, moreover, tPαu is the family of the right primitive ideals of A#H . Thusč
Iα “
č
pPα XAq “
´č
Pα
¯
XA “ J`A#H˘XA.
The proof of the second equality is similar. 
Thus, the following definitions are completely natural.
Definition 4.26. The H-Jacobson radical JHpAq of a partial H-module algebra A is defined as
the intersection of all the right (or left) H-primitive ideals of A.
Definition 4.27. A partial H-module algebra A is called H-semiprimitive if JHpAq “ 0.
The next result in which we are interested says that if P is a right primitive ideal of A then
pP : Hq is a right H-primitive ideal (Corollary 4.29). For this, we need to construct a right partial
pA,Hq-module W from a given right A-module V such that V can be seen as an A-submodule of
W which generates W as a partial pA,Hq-module. We will describe this construction below.
Let V be a right A-module. Consider the subspace W of V b
k
H which is generated by the
elements of the form ÿ
vpk1 ¨ xq b k2, v P V, x P A, k P H.
Then we define the right action of A on W as follows: for v P V , x, a P A and k P H ,´ÿ
vpk1 ¨ xq b k2
¯
a :“
ÿ
vpk1 ¨ xqpk2 ¨ aq b k3
“
ÿ
vpk1 ¨ pxaqq b k2.
It is clear that this action define an A-module structure onW . Moreover, we have V – V b
k
1H Ď
W as A-module because, for any v P V and a P A, we have
pv b 1Hqa “ pvp1H ¨ 1Aq b 1Hqa “ vp1H ¨ aq b 1H “ vab 1H .
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Now we define the right action of H on W in the following way: for v P V , x P A and k, h P H ,´ÿ
vpk1 ¨ xq b k2
¯
đ h :“
ÿ
vpk1 ¨ xqppk2h1q ¨ 1Aq b k3h2
“
ÿ
vpk1 ¨ pxph1 ¨ 1Aqq b k2h2.
It is clear that w đ 1H “ w for any w P W . Moreover, if w “
ř
vpk1 ¨ xq b k2, with v P V , x P A
and k P H , then, for any a P A and h, g P H , we have
ppw đ hqaq đ g “
´´ÿ
vpk1 ¨ xq
`pk2h1q ¨ 1A˘b k3h2
¯
a
¯
đ g
“
´ÿ
vpk1 ¨ xq
`pk2h1q ¨ a˘b k3h2
¯
đ g
“
ÿ
vpk1 ¨ xq
`pk2h1q ¨ a˘`pk3h2g1q ¨ 1A˘b k4h3g2
“
ÿ
v
´
k1 ¨
`
xph1 ¨ aq
˘¯`pk2h2g1q ¨ 1A˘b k3h3g2
“
´ÿ
v
´
k1 ¨
`
xph1 ¨ aq
˘¯b k2
¯
đ ph2gq
“
´´ÿ
vpk1 ¨ xq b k2
¯
ph1 ¨ aq
¯
đ ph2gq
“ pwph1 ¨ aqq đ ph2gq.
Hence W is a right partial pA,Hq-module which contain V as A-submodule. Since W is gener-
ated by elements of the form
ř
vpk1 ¨ xq b k2, we can see thatÿ
vpk1 ¨ xq b k2 “
ÿ
vpk1 ¨ xqpk2 ¨ 1Aq b k3
“
ÿ
pvpk1 ¨ xq b 1Hq đ k2
“
ÿ`pv b 1Hqpk1 ¨ xq˘ đ k2 P pV Aq đH,
v P V , x P A and k P H , and it follows that V generates W as partial pA,Hq-module.
We are particularly interested in the case when V is an irreducible right A-module.
Proposition 4.28. Let V be an irreducible right A-module. Then there exists an irreducible right
partial pA,Hq-module M , such that V is (isomorphic to) an A-submodule of M . Moreover, if H
and V are finite-dimensional then M is also finite-dimensional and
dim
k
pMq ď dim
k
pHqdim
k
pV q.
Proof. Let W be a right partial pA,Hq-module such that V is an A-submodule of W and V
generates W as partial pA,Hq-module. Then W “ pV Aq đH “ V đH . Since V is an irreducible
A-module, for any 0 ‰ u P V we have V “ uA, and soW “ puAqđH . Thus every nonzero element
of V generates W as partial pA,Hq-module.
Now, by Zorn’s Lemma, there exists a partial pA,Hq-submodule U of W maximal with respect
to the property that U X V “ 0. Then the quotient M “ W {U has a natural right partial
pA,Hq-module structure. Moreover, from U X V “ 0, we have a natural monomorphism of right
A-modules:
V ãÑ M “W {U
v ÞÑ v¯ “ v ` U.
We claim that M is irreducible (as partial pA,Hq-module). In fact, if N is a nonzero partial
pA,Hq-submodule of M , then N “ T {U for some partial pA,Hq-submodule T of W such that
U Ł T . By maximality of U , we have T X V ‰ 0. Fix a nonzero element u P T X V . As observed
above,W “ puAqđH , so M “ pu¯AqđH Ď N and N “M . Hence M is an irreducible right partial
pA,Hq-module and V is isomorphic to an A-submodule of M .
Clearly M “ pV Aq đH “ V đH and the last statement follows. 
Corollary 4.29. If P is a right primitive ideal of A, then pP : Hq is right H-primitive.
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Proof. Let V be an irreducible right A-module such that P “ annpV q and let M be an irreducible
right partial pA,Hq-module such that V is an A-submodule of M , as in the Proposition 4.28.
Denote I :“ pP : Hq. For any v P V , x P I and h P H , we have
pv đ hqx “
ÿ
pvph1 ¨ xqq đ h2 P pV pH ¨ Iqq đH Ď pV P q đH “ 0,
therefore MI “ pV đHqI “ 0 and pP : Hq “ I Ď annpMq. On the other hand, annpMq is an H-
stable ideal of A (Proposition 3.10) which is contained in P (since V ĎM), so annpMq Ď pP : Hq.
Hence pP : Hq “ annpMq is a right H-primitive ideal of A. 
From now on we restrict ourselves to the case when H is finite-dimensional. In this situation,
we can obtain more details about the H-Jacobson radical of A. First, however, as made before
for right partial pA,Hq-module, we will present a construction of a left partial pA,Hq-module W
from a given left A-module V , such that V can be seen as an A-submodule of W which generates
W as a partial pA,Hq-module. This construction is an adaptation for partial actions of one
which appeared in [19] and we will need a nonzero integral element in H› so that H need to be
finite-dimensional.
Suppose that H is a finite-dimensional Hopf algebra and let A be a partial H-module algebra.
In this case, analogously to the global case, the (left) partial H-module algebra structure of A
induces a structure of (right) partial H›-comodule algebra ρ : AÑ AbH˚ such that
ρpaq “
ÿ
a0 b a1 ðñ h ¨ a “
ÿ
a0a1phq , @h P H.(1)
(see [5] or [4]). Remember also that H› is an H-module algebra (global action) via h á ϕ “ř
ϕ1ϕ2phq, for h P H and ϕ P H›. Then, for a P A and h P H , we have
ρph ¨ aq “
ÿ
ρpa0qa1phq (by (1))
“
ÿ
a00 b a01a1phq
“
ÿ
10a0 b 11a11a12phq (by (PC3), Definition 2.6)
“
ÿ
10a0 b 11phá a1q
“ ρp1AqpidA b pháqqρpaq
Now let V be a left A-module and consider the subspaceW “ ρpAqpV bH›q of V bH› generated
by elements of the form
ρpxqpv b ϕq “
ÿ
x0v b x1ϕ , x P A, v P V, ϕ P H›.
We define the action of A and H on W as follows: for w PW , a P A and h P H ,
a ‚ w “ ρpaqw and h § w “ ρp1AqpidV b pháqqpwq,
that is, if w “ řx0v b x1ϕ with x P A, v P V and ϕ P H›, then
a ‚ w :“
ÿ
a0x0v b a1x1ϕ “ ρpaxqpv b ϕq (by (PC2), Definition 2.6)
and
h § w “ ρp1Aq
´ÿ
x0v b há px1ϕq
¯
“
ÿ
10x0v b 11phá px1ϕqq.
Evidently ‚ defines a left A-module structure onM . Also it is clear that (PM1) of the Definition
3.8 is satisfied. For (PM2), let w “ řx0v b x1ϕ P W , with x P A, v P V , ϕ P H›, and let a P A,
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h, g P H . Then we have
h § pa ‚ pg § wqq “ h §
´
a ‚
´ÿ
10x0v b 11pg á px1ϕqq
¯¯
“ h §
´ÿ
a0x0v b a1pg á px1ϕqq
¯
“
ÿ
10a0x0v b 11há pa1pg á px1ϕqqq
“
ÿ
10a0x0v b 11ph1 á a1qpph2gq á px1ϕqq
“
ÿ
ρph1 ¨ aqrx0v b ph2gq á px1ϕqs
“
ÿ
ph1 ¨ aq ‚ pph2gq § wq.
Hence W is a left partial pA,Hq-module algebra.
Now, let λ be a nonzero left integral in H›. Then we have an isomorphism of left A-modules
V – V b λ. In fact, by (PC1) of Definition 2.6, for every v P V and a P A,
v b λ “ 1v b λ “ 10v b εH›p11qλ “
ÿ
10v b 11λ “ ρp1Aqpv b λq P W
and, by the same reason,
a ‚ pv b λq “ av b λ.
Moreover, by a result of Larson and Sweedler [18], the map H Ñ H›, given by h ÞÑ ph á λq, is
an isomorphism. Consequently, for every x P A, v P V and ϕ P H›, there exists h P H such that
há λ “ ϕ, and thenÿ
x0v b x1ϕ “ ρpxqpv b phá λqq “ x ‚ ph § pv b λqq P ApH § V q,
via V – V b λ, so V generates W as left partial pA,Hq-module.
Remark 4.30. Observe that if V andW are as above and V is irreducible, thenW “ ApH§pvbλqq
for any nonzero v P V and we can obtain the analogous of the Proposition 4.28 for irreducible left
A-modules. The proof is essentially the same (with the appropriate adaptations), except for the
inequality dim
k
pMq ď dim
k
pHqdim
k
pV q. This latter follows since H is finite-dimensional and
M “ ApH § pv b λqq, so there exists an epimorphism of A-modules V n ÑM . With regard to the
Corollary 4.29 we can only deduce that annpMq Ď pP : Hq. However, this inclusion is enough for
our purposes (see Theorem 5.1).
In the sequel we give an important characterization for the H-Jacobson radical when H is
finite-dimensional.
Proposition 4.31. Suppose that H is finite-dimensional. Then JHpAq “ pJpAq : Hq. In partic-
ular, A is H-semiprimitive if and only if JpAq does not contain nonzero H-stable ideals.
Proof. By Proposition 4.25 and Remark 2.10, we have that JHpAq “ JpA#Hq XA Ď JpAq. Since
JHpAq is H-stable then the inclusion JHpAq Ď pJpAq : Hq follows. Also, we observe that it is
possible to deduce this same inclusion from Corollary 4.29.
To prove the reverse inclusion, we will show that J :“ pJpAq : Hq Ď annpMq, for any irreducible
left partial pA,Hq-module M . In fact, if 0 ‰ m P M , then ApH §mq is a nonzero partial pA,Hq-
submodule of M , so ApH §mq “M . Since H is finite-dimensional, this implies that M is finitely
generated as A-module. From J Ď JpAq, by Nakayama’s Lemma, JM Ł M . Moreover, J is an
H-stable ideal, so JM is a partial pA,Hq-submodule of M . Hence JM “ 0 and pJpAq : Hq “ J Ď
annpMq. 
We observe that if H is finite-dimensional and the action of H on A is global, then we can
recover [20, Corollary 2.6 (2)] by using the Proposition 4.31 combined with the Definitions 4.26
and 4.27.
From Corollary 4.29 (resp. Remark 4.30) and Proposition 4.31, when H is finite-dimensional,
it is sufficient to take the intersection of all H-stable ideals of A which are of the form pP : Hq,
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where P is a right (resp. left) primitive ideal of A, to obtain JHpAq as it will be shown in the next
result.
Corollary 4.32. Let tPαu be the family of all right (resp. left) primitive ideals of A. If H is
finite-dimensional, then JHpAq “
ŞpPα : Hq.
Proof. By Corollary 4.29 (resp. Remark 4.30), it is clear that JHpAq Ď
ŞpPα : Hq. On the
other hand,
ŞpPα : Hq Ď Ş Pα “ JpAq. Since ŞpPα : Hq is H-stable, by Proposition 4.31,ŞpPα : Hq Ď pJpAq : Hq “ JHpAq. 
We finish this section by establishing a relation between the H-Jacobson radical of A and the
H›-Jacobson radical of A#H , when H is finite-dimensional.
Theorem 4.33. Let H be a finite-dimensional Hopf algebra and let A be a partial H-module
algebra. Then
JHpAq “ JH›
`
A#H
˘XA and JH›` A#H˘ “ JHpAq#H.
In particular, A is H-semiprimitive if and only if A#H is H›-semiprimitive.
Proof. We will denote by R :“ A#H . Let Φ and Ψ as in the Corollary 3.7. Since JH›pRq is
H›-stable and JH› pRq Ď JpRq, by Proposition 4.25, we have
JH› pRq “ ΦpΨpJH›pRqqq “ pJH› pRq XAq#H
Ď pJpRq XAq#H “ JHpAq#H.
On the other hand, also by Proposition 4.25,
JHpAq#H “ JHpAqR Ď JpRqR “ JpRq.
Since JHpAq#H is an H›-stable ideal, by Proposition 4.31, it follows that
JHpAq#H Ď pJpRq : H›q “ JH›pRq.
Thus the second equality holds. The first one follows from the properties of Φ and Ψ because
JHpAq “ ΨpΦpJHpAqqq “ JHpAq#H XA “ JH› pRq XA.

5. On the semiprimitivity and the semiprimality problems for the partial smash
products
In this section we apply the results of the Sections 3 and 4 to investigate the semiprimitivity
and the semiprimality problems mentioned in the introduction, for partial smash products. Most
of the results here generalize to the case of partial actions, the corresponding results on the
semiprimitivity of the (global) smash product which appear in [20, Section 4], improving them
when k has positive characteristic. We also prove a result about the semiprimality of the partial
smash product (Theorem 5.8), which generalizes [19, Theorem 3.4] for the case of partial actions.
Theorem 5.1. (See [20, Theorem 4.1]) Let H be a semisimple Hopf algebra and let A be an
H-semiprimitive partial H-module algebra. If every irreducible right (or left) A-module is finite-
dimensional, then A#H is semiprimitive.
Proof. We will denote by R :“ A#H . Let tVαu be the family of all irreducible (right) A-modules.
By Proposition 4.28, for each α, there exists an irreducible (right) partial pA,Hq-module Mα such
that Vα is an A-submodule ofMα. For each α, we will denote by Pα :“ annpVαq, Iα :“ annpMαq Ď
pPα : Hq (see the proof of the Corollary 4.29 and Remark 4.30) and Aα :“ A{Iα. By Corollary
4.32, we have č
Iα Ď
č
pPα : Hq “ JHpAq “ 0.
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Thus A is a subdirect product of the partial H-module algebras Aα. By Proposition 3.3, R is a
subdirect product of the algebras Rα :“ Aα#H . Therefore, it is enough to show that each Rα is
semiprimitive (see [14, Proposition 2.3.4]).
Since Vα is finite-dimensional, so is Mα (Proposition 4.28 or Remark 4.30). Moreover, from
Iα “ annpMαq it follows that Aα “ A{Iα Ď EndkpMαq as algebras. Therefore dimkpAαq ď
pdim
k
pMαqq2 ă 8 and so Rα is finite-dimensional.
Since Aα is H-primitive it follows by Theorem 4.33 that Rα is H
›-semiprimitive. Moreover,
because H› is cosemisimple Hopf algebra acting on Rα globally and Rα is finite-dimensional, we
deduce that JpRαq is an H›-stable ideal, by [19, Corollary 3.2]. Hence
JpRαq “ pJpRαq : Hq “ JH›pRαq “ 0
and Rα is semiprimitive as desired. 
Now we observe that if H is a Hopf algebra over a field k, A is a partial H-module algebra and
k Ď F is any field extension, then HF :“ H b
k
F becomes a Hopf algebra over F with coalgebra
structure given by
∆HFphbk αq “
ÿ
ph1 bk αq bF ph2 bk 1Fq “
ÿ
ph1 bk 1Fq bF ph2 bk αq
and
εHFphbk αq “ εHphqα,
for h P H and α P F, where εH is the counit of H . The antipode of HF is given by
SHFphbk αq “ SHphq bk α, h P H, α P F,
where SH is the antipode of H . Moreover, A
F :“ Ab
k
F becomes a partial HF-module algebra
by the HF-action defined as
phbαq ¨ pabβq :“ ph ¨ aqb pαβq, α, β P F, a P A, h P H.
With the above notations we can prove the following result.
Lemma 5.2. Let H be a finite-dimensional Hopf algebra over a field k and let A be a partial
H-module algebra. If k Ď F is a separable algebraic field extension, then
JHFpAFq “ JHpAq bk F.
In particular, A is H-semiprimitive if and only if AF is HF-semiprimitive.
Proof. Since k Ď F is a separable algebraic extension we have JpAFq “ JpAq b
k
F (see [17,
Theorem 5.17]). Thus
HF ¨ pJHpAq bk Fq “ pH ¨ JHpAqq bk F Ď JpAq bk F “ JpAFq.
By Proposition 4.31, JHpAq bk F Ď pJpAFq : HFq “ JHFpAFq.
On the other hand, if u P JHFpAFq Ď JpAFq “ JpAq bk F, then there are x1, . . . , xn P JpAq
and β1, . . . , βn P F, with tβiu linearly independent over k, such that u “
ř
xi b βi. So, for any
h P H , ÿ
ph ¨ xiq b βi “ phb 1Fq ¨ u P JHFpAFq Ď JpAq bk F
(since JHFpAFq is HF-stable). From the linear independence of tβiu, we can deduce that h ¨ xi P
JpAq, for every 1 ď i ď n and every h P H . Therefore xi P pJpAq : Hq “ JHpAq for every i, and
u P JHpAq bk F. Hence, also the inclusion JHFpAFq Ď JHpAq bk F holds. 
Now we are able to present our second result about the semiprimitivity of the partial smash
product.
Theorem 5.3. (See [20, Theorem 4.2]) Let H be a semisimple Hopf algebra over a field k and
let A be an H-semiprime partial H-module algebra satisfying a polynomial identity. If k is perfect
and A is affine over k, then R “ A#H is semiprimitive.
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Proof. Since A is a PI-algebra which is affine over k, we have that JpAq “ P pAq (see [25, Corollary
4.4.6]). Thus, A is actually H-semiprimitive. Denote by k¯ the algebraic closure of k. As k is a
perfect field it follows that the extension k Ď k¯ is separable. Taking F “ k¯ in the Lemma 5.2, we
have that A¯ is H¯-semiprimitive, where H¯ “ H b
k
k¯ and A¯ “ Ab
k
k¯.
Moreover, A¯ is a PI-algebra (see [25, Theorem 6.1.1]) which is affine over k¯, and so every
irreducible right A¯-module is finite-dimensional (see [20, Lemma 3.7]). Since H¯ is semisimple (see
[23, Corollary 2.2.2]), it follows from Theorem 5.1 that R b
k
k¯ – A¯#H¯ is semiprimitive. Thus,
by [17, Theorem 5.17], R is semiprimitive. 
For the next result we will need one more lemma. Before, observe that if I is a right ideal of
A, then so is H ¨ I. This follows because, for any h P H , x P I and a P A,
ph ¨ xqa “
ÿ
ph1 ¨ xqpph2Sph3qq ¨ aq “
ÿ
h1 ¨ pxpSph2q ¨ aqq P H ¨ pIAq Ď H ¨ I,
so pH ¨ IqA Ď H ¨ I.
Lemma 5.4. (See [20, Remark 3.9]) Let H be a finite-dimensional cosemisimple Hopf algebra and
let A be an H-module algebra (global action). If A is locally finite, then JpAq is H-stable.
Proof. Fix an element y P H ¨ JpAq, and let x1, . . . , xn P JpAq and h1, . . . , hn P H such that
y “ řhi ¨xi. Since řH ¨xi is a finite-dimensional subspace of A, it generates a finite-dimensional
subalgebra B of A. Clearly H ¨ B Ď B, so B is an H-module subalgebra of A.
Since A is locally finite, JpAq is a nil ideal of A, therefore each BxiB Ď JpAq is a nil ideal of
B and so it is contained in JpBq. In particular, each xi P JpBq. Since B is finite-dimensional, it
follows from [19, Corollary 3.2] that H ¨ JpBq Ď JpBq. Thus, we have that y “ řhi ¨ xi P JpBq is
a nilpotent element.
From this and the previous observation, it follows that H ¨ JpAq is a nil right ideal of A, so it
is contained in JpAq. Hence JpAq is H-stable. 
Theorem 5.5. (See [20, Corollary 4.4]) Let H be a semisimple Hopf algebra and let A be an
H-semiprimitive partial H-module algebra. If A is locally finite, then A#H is semiprimitive.
Proof. By Theorem 4.33, the smash product A#H is an H›-semiprimitive H›-module algebra
(global action). Also, H› is a finite-dimensional cosemisimple Hopf algebra, because H is semisim-
ple. Moreover, A#H is locally finite, because if x1, . . . , xn P A#H and xi “
ř
j aij#hij , 1 ď i ď n,
then there is a finite-dimensional H-stable subalgebra B of A generated by
ř
i,jpH ¨ 1AqpH ¨ aijq,
so that x1, . . . , xn are elements of the finite-dimensional subalgebra B#H of A#H . By Lemma
5.4, JpA#Hq is H›-stable. Hence, by Proposition 4.31,
J
`
A#H
˘ “ `J`A#H˘ : H›˘ “ JH›`A#H˘ “ 0
and A#H is semiprimitive. 
Corollary 5.6. (See [20, Theorem 4.2]) Let H be a semisimple Hopf algebra over a field k and let
A be an H-semiprime partial H-module algebra satisfying a polynomial identity. If A is algebraic
over k, then A#H is semiprimitive.
Proof. Under these conditions, we have JpAq “ P pAq (see [17, Corollary 4.19] and [16, Theorem
3, p. 36]), thus A is actually H-semiprimitive. Moreover, A is locally finite (see [15, Theorem
6.4.3]), therefore the result follows from Theorem 5.5. 
Corollary 5.7. Let H be a semisimple Hopf algebra over a field k and let A be a partial H-module
algebra. If
(1) every irreducible right A-module is finite-dimensional, or
(2) k is perfect and A is a PI-algebra which is affine over k, or
(3) A is locally finite (in particular, if A is a PI-algebra which is algebraic over k),
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then J
`
A#H
˘ “ JHpAq#H.
Proof. By Theorem 4.33, JHpAq#H “ JH›
`
A#H
˘ Ď J`A#H˘. On the other hand, A{JHpAq
is H-semiprimitive (so, in particular, H-semiprime). By Theorems 5.1, 5.3 or 5.5 (according
the hypotheses), it follows that the factor algebra
`
A#H
˘ {`JHpAq#H˘ – pA{JHpAqq#H is
semiprimitive, so that J
`
A#H
˘ Ď JHpAq#H . 
The next theorem generalizes [19, Theorem 3.4] for the case of partial actions. The proof follows
almost the same steps as in [19], but we include here our proof for the sake of completeness.
Theorem 5.8. Let H be a semisimple Hopf algebra and let A be an H-semiprime partial H-module
algebra satisfying a polynomial identity. Then A#H is semiprime.
Proof. Since A is a PI-algebra, if I is a nil ideal of A then I Ď P pAq, so pI : Hq Ď pP pAq : Hq “
PHpAq “ 0.
The polynomial ring Arts has a structure of partial H-module algebra if we extend the action
of H by h ¨ t :“ ph ¨ 1Aqt, for h P H . Moreover, for any ideal I of A, pIrts : Hq “ pI : Hqrts, since
pptq “
ÿ
ait
i P pIrts : Hq ðñ H ¨ pptq Ď Irts ðñ H ¨ ai Ď I, @ i
ðñ ai P pI : Hq, @ i ðñ pptq P pI : Hqrts.
By a theorem of Amitsur (see [17, Theorem 5.10]), JpArtsq “ N rts for some nil ideal N of A, so
JHpArtsq “ pJpArtsq : Hq “ pN rts : Hq “ pN : Hqrts “ 0
as observed above. Therefore Arts – A b
k
krts is an H-semiprimitive partial H-module algebra
which satisfies a polynomial identity (see [25, Theorem 6.1.1]).
It follows from Theorem 4.33 that R :“ Arts#H is H›-semiprimitive. Moreover, R satisfies a
polynomial identity, because R is finitely generated as Arts-module (see [22, Corollary 13.4.9]).
Since H› is cosemisimple, it follows from [19, Corollary 3.2] that if I is a nilpotent ideal of R, then
H› ¨ I Ď JpRq, so I Ď pJpRq : H›q “ JH› pRq “ 0. Thus R “ Arts#H – A#Hrts is semiprime
and therefore A#H is also semiprime (see [17, Proposition 10.18]). 
Corollary 5.9. Let H be a semisimple Hopf algebra and let A be a partial H-module algebra
satisfying a polynomial identity. Then
P
`
A#H
˘ “ PHpAq#H.
Proof. By Theorem 4.20, PHpAq#H “ PH›
`
A#H
˘ Ď P `A#H˘. On the other hand, A{PHpAq
is H-semiprime (and satisfies a polynomial identity). It follows from Theorem 5.8 that the factor
algebra
`
A#H
˘ {`PHpAq#H˘ – pA{PHpAqq#H is semiprime, so also P `A#H˘ Ď PHpAq#H . 
The hypothesis “H-semiprimitive” or “H-semiprime” in the above theorems are essentials (by
Theorems 4.20 and 4.33, Corollary 4.19 and Proposition 4.31). Also, it is clear that the semisim-
plicity of H is a necessary condition for the Question 2 in the introduction, because if H acts
trivially on A, then A#H “ AbH is not semiprime if H is not semisimple.
Example 5.10. Let B, A and H be as in Example 2.3. If B is finite-dimensional and semiprim-
itive, then so is A. In particular, every irreducible A-module is finite-dimensional. By Theorem
5.1, the partial smash product A#H is semiprimitive. This also follows from Theorem 5.8 since,
for finite-dimensional algebra, the Jacobson radical coincides with the prime radical.
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